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Abstract-A micromechanically based continuum damage model for carbon black filled elastomers
exhibiting Mullin's effect is extended to incorporate viscous response within the framework of a
theory of viscoelasticity which includes the classical BKZ model as a particular case and is not
restricted to isotropy. The resulting model is shown to qualitatively predict the important effect of
a strain amplitude dependent storage modulus even without the inclusion of healing effects. The
proposed model for filled elastomers is shown to be well motivated from micromechanical con­
siderations and suitable for large scale numerical simulations.

l. INTRODUCTION

Mullins' effect in carbon black filled elastomers is strain-induced stress softening. Under
extensional loading. these materials undergo a strain-induced evolution of their micro­
structure that results in a change in their elastic properties. The physical system is a cross­
linked elastomer matrix with a fine distribution of very small carbon particles. Typical
particle sizes are on the order of 100 to 4700 Ain diameter (Blow and Hepburn. 1982. p.
20R). The Iiller is added to the elastomer to enhance a wide variety of desirable material
properties. viz. abrasion resistance. tear strength, and tensile strength; Mullins' ellcct is a
side ellcct of the filler.

Phenomenologically Mullins' effect is most easily explained by considering an ide.tlized
quasi-static strain driven cyclic tension test (see Fig. I). Quasi-static in the present context
means that inertial and viscous effects are negligible; Le. the loading is slow not only with
respect to the inertial time scale but also with respect to the time scales of the viscous
relaxation mt."Chanisms in the elastomer. The material starts out in a virgin (undamaged)
st'lte (0). Upon initial loading to strain (1), path (a) defines the material behavior; upon
subsequent unloading and loading between strain (I) and strain (0), path (b) defines the
material behavior. So the materi'll has experienced a permanent change in its properties
due to the loading up to strain (I). If the strain load is increased beyond strain (I), path
(a) is activated again in the region above strain (1). Assume the loading is increased to
strain (2). Then. upon subsequent unloading and loading between strain (2) and strain (0).
path (c) will define the material behavior. From a phenomenological viewpoint it is observed
that in such materials there is a strain induced softening or damaging of the material; this
is known as Mullins' effect. In a real experiment of this type. several other complications
arise. which shall be addressed later in this introduction.

(O) Strain

Fig. I. Schematic ofcyclic tension test demonstrating Mullins' efft:ct.
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In the work of Govindjee and Simo (199Ia, b), the notion of the detachment of the
elastomer matrix from the carbon particles as an explanation for Mullins' effect was
developed into a quantitative micro-mechanically based continuum theory that was shown
to agree well with some published experimental data for non-crystallizing materials; (the
theory that has been proposed is predicated on the assumption that mechanisms that can
be associated with the pure elastomer alone are not fundamental to Mullins' effect as has
been advocated by other authors such as Harwood et al. (1965) or Harwood and Payne
(l966a, b». The micromechanical mechanism for Mullins' effect which is followed in this
work was originally proposed in varying forms by Bueche (1960, 1961), Dannenberg (1974)
and Rigbi (1980); but the version proposed by Bueche (1960) was chosen for simplicity.
The difference between the concept of the direct interaction of the particles with the
elastomer matrix and the somewhat more recent view of bound rubber with unbound
rubber interaction (Hamed and Hatfield, 1989), can be resolved if a carbon black particle
is understood as a composite system consisting of carbon and tightly bound rubber acting
together.

There are, however, two important caveats to the theory previously presented by the
authors.

(i) In a real application the loading rates are likely to be on or above the order of the
relaxation rates of the elastomer network. Since such materials are typically highly cross­
linked they exhibit only small amounts of viscoelastic behavior but nonetheless they do
exhibit some viscoelastic behavior, and this must be accounted for in any theory that
attempts to fully predict Mullins' effect. In the previous work these effects were ignored
and the concentration was placed on the long-time hehavior fundamental to understanding
Mullins' effect. In this paper, an extension of the previous theory is presented that takes
into account viscous relaxation cllccts in the elastomer matrix.

(ii) In the idealized experiment presented above, there is no notion of recovery of the
stilfness of the materia\' i.e. healing. In reality, depending on the temperature, there can be
healing et1ccts, i.e. the reattachment of the elastomer matrix to the particles. For example,
in a cross-linked poly(butaJiene-co-styrene) (SBR) system with a silica type Hiler, Bueche
(1961) has reported healing times on the order of many days for room temperature
conditions, and times on the order ofone day for elevated temperatures (;:::: IIS'C). Healing
will have a significant effect on materials in real applications where heat build up from
viscoelastic hysteresis is large. Work on this aspect of the problem is deferred for later
stuJy.

In this work, the tirst point is circumvented by incorporating viscous clrccts into entropy
elasticity models for polymer networks within a framework for tinite strain viscoelasticity
proposed in Simo (1987). This formulation of viscoelasticity is not restricted to isotropy
und includes the isothermal version of the classical BKZ model (Bernstein et al., 1963) as
u purticulur case. Within this framework, relaxution processes in the material arc described
via stress-like convected internal variubles. governed by dissipative evolution equations,
.lOd interpreted in the present context as the non-equilibrium interaction stresses between
the polymer chains in the network. From a phenomenOlogical standpoint, this class of
viscoelastic models also admits a straightforward interpretation within the context of tinite
strain versions of classical rheological models.

In summury. the outline of the paper is as follows. First, a brief reviewal' the
non-viscous continuum model for Mullins' effect will be given in Section 2. Then, in
Section 3 the 'lddition of viscoelasticity to the model will be considered. Finully, in Section
4 some appealing aspects of the model will be exploited to produce elTicient algorithms for
performing numerical computations. Examples will be given in Section 5.

2. M1CROMECHANICALLY BASED ELASTIC-DAMAGE MODEL

In this section a brief review of the details of the micromechanically motivated con­
tinuum damage model are given (see Govindjee and Simo (1991a and b) for a more extensive
discussion of this model).
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2. I. Structure of the governing equations
The model consists of an overall free energy density function W'" for the composite

system that depends upon the volume average principal stretches ';',4 and a scalar damage
variable 1l. i.e. isotropic damage. The superscript 00 is a reminder that this function
represents the long·time behavior of the material. The long-time free energy of the system
is split into two parts and is given by:

(I)

where W~ represents the free energy of the polymer chains that are cross-linked on both
ends (given in this work as an Ogden rubber model: Ogden, 1984), W;:, represents the free
energy of the polymer chains that are attached on both ends to carbon black particles. l"p

is the volume fraction of the carbon black particles, and ).~ are volume average stretches
averaged over the polymer matrix volume. Polymer chains that do not fall into the two
classes mentioned above are assumed to be accounted for by effective material properties.
It is also noted that volume average strains on the system are the strains that are actually
measured in an experimental setting.

The relation between the volume average strain quantities and the matrix volume
average strain quantities is given by:

F= RU.

R(U -t' I)Fm - p.

- I-v 'p
for °~ vp < I.

(2)

(3)

Equation (2) is the standard polar decomposition for the volume average deformation
gradient. F. in the material, where R is the rotation tensor and U is the right stretching
tensor. Using this relation. eqn (3) gives the exact relation between F and the matrix volume
average deformation gradient, Fm, under the assumption ofaffinely rotating rigid particles
in a Co deformation field. (where 1 is the identity). The affine rotation assumption for the
particles is justified by the fact that the particles are large in size with respect to the crosslinks
and arc thus forced to rotate in an afline manner, whereas the crosslinks may move in a
non-affine manner.

Sinee the material is assumed to be hyperelastic, stress quantities are given as partial
derivatives of WOO with respect to their conjugate strain quantities. For example. volume
average principal nominal stresses are defined by:

(4)

The last ingredients to the model are a damage criterion and an evolution equation for
the damage variable 1l. The damage criterion is given by

g = max {A.~} -1l ~ 0,
,4 • 1,)

and the evolution law by

it =:. y,

along with Kuhn-Tucker unilateral constraint conditions

y ~ 0, g ~ 0, yg = 0, Y9 = 0.

(5)

(6)

(7)

Although the structure of eqns (5)-(7) can be formally motivated by appealing to a local
principle of maximum dissipation, it is emphasized that these equations are, in fact, entirely
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motivated from micromechanical considerations which take into account the changes taking
place in the topology of the polymer network.

2.2. Free energy functions
To render tractable the constitutive model summarized in Section 2.1. an explicit

expression for the free energy function W' must be given. It has been shown previously
by the authors (see Govindjee and Simo. 1991 b). that a suitable form of the free energy
function is provided by the expression:

W.lO(I·!';·2')·3.1l) = U.lO(J)+~~·X(XA.tt) = U'(J)+(1-1'p) L 1I'(;~,tL). (8)
I ~ 1

Here U xc: (J) is a function that represents the macroscopic bulk response of the material
which is nearly incompressible. For hyperelasticity formulated in principal stretches. this
functional form of the free energy function is introduced in Simo and Taylor (1991)
and interpreted as a penalty regularization of the stored energy function in the nearly
incompressible range. Equation (8) is formulated in terms of the modified stretches

~" ;~.t -l'!'
It, =

1-1'" .
(9)

where X, = J I ';., arc the modified principal stretches introduced hy Flory (1%1), and J
is the Jacohian of the volume average deformation. Note that when the inwmpressibility
constraint. J -+ I. is approached. then the average and matrix average modified stretches
tend toward their unmodilied values. The introduction of the modified stretches can be
exploited in the design of el1cctive algorithms which cin;ulllvent well-known numerical
dilliculties in the ne'lrly incompressible limit; sec Simo and Taylor (1991) for further
elaboration. It should be noted that only the derivatives with respect to the lIrst argument
of the function 11'(' ) appear in the governing equations; this derivative is given by

~ ~ (I ('i,,» "\ 'i,,", I,
u.l';,W = +X )·A.jt f...., 11I,,"- ..,

" l

whcrc nip and ~,' arc Ogdcn matcrial paramclers and

In addition. the functions c, (i = I. 2, 3) arc defined by

c,=k,exp{(-I)'b,{tt-Ij} U= 1,2,3).

( 10)

(1 I)

( 12)

In eqn (12), k, ~ 0 and b, ~ 0 arc dimensionless material parameters which arc estimated
from available experimental data. The function Xdefines the relative strength of the polymer
chains running bctween crosslinks to the polymer chains running between particles and the
functions Cj(p) indicate how Xevolves with progressing damage.

Explicitly. if one is interested in the volume average lirst Piola-KirchholTstress tensor,
then relevant expression takes the form
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where F = I:~ = I ;.~nl~) ® NUl is the spectral decomposition of the deformation gradient
and p = cur. fCJ is the hydrostatic pressure. Explicit form to the derivatives in eqn (13) is
given by eqns (10)-( 12) with the time evolution of the damage variable Jl being given by
the non-smooth eqns (5)-(7).

3. VISCOELASTIC MODEL

In this section. an extension of the time infinity (long-time) behavior model of Section
2 to "real" quasi-static loadings is considered. By "real" quasi-static loading, it is meant
that only inertial effects will be neglected and that the viscous effects of polymer chain
relaxation will be taken into account. As pointed out in the introduction, the extension
proposed here exploits the specific model of finite strain viscoelasticity proposed in Simo
(1987). In the spirit ofexisting theories ofcontinuum viscoelasticity (see Truesdell and Noll,
1965. Section V for an overview). this model can be strictly justified only on phenom­
enological grounds. Nevertheless. the underlying structure can be motivated by the micro­
mechanical considerations briefly described in what follows.

3.1. Micromechuflical motil'lltiofl
The micromechanical mechanism that gives rise to the phenomenologically observed

viscoelastic response in polymers is presently understood as follows. When a crosslinked
polymer is formed, the material starts out as a system of uncrosslinked polymer chains that
arc undergoing random conforlnation.i1 changes (Brownian motion). In this process, one
can regard the polymer chains as being a tangled mass. If the material has been quiescent
for a period of time. then the polymer chains. though tangled amongst each other. will be
individually at equilihrium. Or in other words. there will be no bias along each polymer
chain that will influence the direction of the random thermallluctuations of the monomers.
Ifat this time a set of permanent crosslinks is introduced into the system, then the entangle­
ment of the polymer chains will hecome an invariant feature (assuming no chain scission)
of the elastomer system topology and each chain will be forced to undergo its random
thcrmal lluctuations in regions of space restricted by the permanent entanglements of the
network. If a deformation is imposed on a macroscopic sample of such a crosslinked
material. then the crosslinks and entanglement points will attempt to move in the mean in
an alllne manner with respect to the macroscopically imposed deformation. However, this
motion will cause parts of chains to move from configumtions of maximum probability;
the process of moving back to a configuration of maximum probability will engender stress
relaxation.

To be explicit. consider the case of a planar system and restrict attention to three
entanglement points. enumerated (£',. £'~. el). along the length of a given polymer chain,
where there are "I chain segments between entanglements e, and e~ and n~ chain segments
between entanglements t'~ and t'l' Further suppose that the vector that joins entanglements
t'l and £'1 lies in the I direction and that the vector that joins entanglements e2 and el lies
in the 2 direction. Now consider an incompressible extensional deformation in the I direction
so that there will be a contraction in the 2 direction. At the instant the deformation is
imposed. a tensile force will build up along the arc length of the chain between t'l and e2
and a compressive force will build up along the arc length of the chain between e2 and el'

For equilibrium along the arc length of the entire chain. chain segments from between e2

and t'J will dilTuse by a stress biased Brownian motion along the chain through e2 into the
region between £'1 and £'2' By this basic mechanism. stress relaxation is achieved in polymers.

Several authors have considered the calculation ofconstitutive models based on various
fonus of the mechanism described above. Representative of this approach are the work of
Rouse (1953). Zimm (1956) and Doi and Edwards (1978a---e). Two main features underly
these types of formulations. First. common to all these models is the estimation via micro­
mechanical considerations of a discrete relaxation spectra with a history dependence which
exhibits an exponential decay in time. Second. these models regard the polymer network
surrounding a polymer chain as an equivalent medium providing an effective viscous
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environment in which the Brownian motion of the chain segments must take place. These
two key features are present in the approach described below which also employs the notion
of a factorized memory kernel. The plausibility of a factorized memory kernel is justified
on micromechanical grounds in the work of Doi and Edwards (1978c) which includes a
number of references to experimental verification of this assumption in concentrated poly­
mer systems.

3.2. Continuum formulation
Consider a representative volume sample !4 of polymer material. let t > 0 be the

current time and denote by tp, : Jl -+ iR J, for s ~ t. the deformation history of .!A up to time
t with deformation gradient F, = Dtp,. The deformation history is restricted by the standard
condition that the right Cauchy-Green strain tensor

C,(X) = F;F,(X) EM:. for V(X. s) E;J/I X [0. tl. ( 14)

where M: is the set of 3 x 3 real symmetric matrices with positive determinant. Motivated
by the preceding micromechanical considerations. !4 will be regarded as a continuum
material possessing two distinctive features loosely characterized as follows:

(I) The constitutive response of the material for infinitely slow deformation histories
(in the sense precisely described below) is elastic. possibly anisotropic (relative to the
reference configuration JJ) and characterized by an equilibrium elastic stored energy func­
tion W' : M~ -+ IR. (For notational simplicity. the damage argument 11 will be suppressed
throughout this section.)

(2) Por arbitrary deformation histories the material response exhibits fading
memory characterized by a discrete relaxation spectra with N > I retardation times rk

,

(k = I. 2•...• N).

The first property rellects the clastic response of the polymer as characterized by the classical
statistical models of entropy elasticity for the chains in the network, while the second
property is the result of the viscous-like environment in which the Brownian motion of the
chain segments takes place. The formulation described below incorporates these two effects
in a continuum framework without precluding possible anisotropic response: a limitation
present in the classical BKZ model.

3.2.1. Mathematical model. A relaxation process involves a trend to equilibrium
in a mechanical system which. for the class of materials of interest here. is attained in the
limit of inlinite time. This notion can be recast in precise mathematical terms by assign­
ing to each relaxation process in the material, with characteristic retardation time rk > O.
a lIon-el/uilihriwn stress denoted by Q~ (k = I, 2, ... , N) and governed by a dissipative
evolution equation. Following a prescription dating back to Zaremba (see Truesdell and
Noll, 1965, p. 45) to preclude restriction to isotropy and circumvent frame invariance
issues. Qk will be regarded as a convected stress tensor akin to the symmetric second
Piola-Kirchhoff stress. The simplest dissipative evolution equation is defined by the linear
conlractire semi-group:

111 .!A x (0, tl. ( 15)

where W k : M ~ -+ IR is the instantaneous elastic stored energy in the material associated
with the r k -relaxation process and VW k indicates the derivative of W k

(.) with respect to
its argument (the right Cauchy-Green tensor). Since the phenomenological relaxation effect
is induced by a viscous environment induced by identical polymer chains. it will be assumed
that

Wk(C)=f3~Wct)(C) VCEM~. (k=I,2, .... N). ( 16)
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where fJ~ E (0. 'XJ) are given non-dimensional constants associated with the retardation
times ~. Further elaboration on the structure of (15) and (16) is given in Simo (1987).

Assuming instantaneous elastic response. the initial condition in (15) takes the form
Qt = 2V W" (Co): then. using the integrating factor exp [sl!"], one obtains the explicit
solution to the evolution equation as

i' dQ7 = exp [-tlr"Jtr',:f2VW:C(Co)] + tr':c exp [-(t-s)/r"]d-(2VW-"'(CJ) ds. (17)
o' s

The formulation of the model is completed by prescribing the stress response at time t as
a superposition of the equilibrium and non-equilibrium stress contributions. Explicitly. we
define the second Piola-Kirchhoff stress as

,v

5, = 2V W:C (C,) + I Q7 in :JI.
k~1

( 18)

Recalling the push-forward relation t, = F,5,F; between the spatial Kirchhoff stress and
the second Piola-Kirchhoff stress. a straightforward manipulation yields the final result:

t, = F,[9(t)2VWXO(Co)+f' .q(t-S)dd (2VWXJ (C,»ds]F; in:JI, (19)
0> s

where .1I(t) = I +r.k
Y

_ I (Ik,. exp [ - tlr"] is a norma/i:ec/ relaxation function. Inspection of the
convolution represenlation (19) reveals that the constilutive model is not reslricted to
isotropic response and remains properly invariant under superposed rigid body motions.
The structure of (19) falls within the framework of the Green-Rivlin and Coleman - Noll
theories (see Truesdell and Noll. 1965. p. 67).

3.2.2. Rh('%!/iClJ/ interpretation. The significance of the dissipative evolution eqn (15)
can be readily understood in the context of the linear rheological model depicted in Fig. 2.
The one-dimensional linearized stored energy functions are given by W" = ~£"f;~

and W" = ~ £ t. f;~. while the one-dimensional linear counterpart of eqn (15) I now rcads

." I" " .q, + -k q, = £ e,. (k = 1,2, ... , N),
r

(20)

where a superposed dot denotes time differentiation. Setting tT" = £"r", the evolution
equation (20) can be recast in the equivalent form

(21 )

which describes the evolution of a Maxwell element with viscosity coefficient tTk > 0, spring

e- • • •

Fig. 2. One-dimensional rheological linear model consisting ofan elastic element with elastic stiffness
£' . connected in parallel with N Maltwcll elements with viscosity coefficient,,' and elastic stiffness

E' ,., P'~E"". respectively.
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constant E' = fJ', E' and inelastic strain -:J.k. as shown in Fig. 2. In the same vein. the
superposition relation (18) now reads (1, = E~£,+r.k\'~ 1 q~. and is interpreted merely as a
statement of balance of forces in the mechanical device. In a sense. the continuum model
outlined above represents a non-linear multi-dimensional generalization of the elementary
situation described in Fig. 2.

3.2.3. Indcpcndcnt hulk-shear l'iSCOllS response. Most polymer materials exhibit signitl­
cantly ditferent response in bulk and shear. For instance. rubber-like polymeric materials
often exhibit nearly incompressible bulk response. while being capable of undergoing ex­
tremely large shear deformations. These experimental facts are incorporated into the basic
viscoelastic constitutive model defined by (19) via a multiplicative decomposition of the
deformation gradient. originally introduced by Flory (1961) in the restricted context of
isotropic response and subsequently extended to the general setting and exploited within a
v'ariati\Jnal framework in Simo I.'t al. (1985) and Simo (1987). Specitlcally. for a given
history of the deformation gradient. :F,(.\'): S < t;. at a point XE.J1. with Jacobian
J,(.n == det [F,(Xl] > O. consider the local decomposition

F,(X) =J;'F',(X)=det[f',(X)] = I V(X.s)EJ1x[O.t]. (22)

The one-parameter family of linear maps: F,: s '."; t} defines the rolulllc prcs('/'('illq hist/lrl'
of the def\)rmation gradient up to current time t. Now consider an uncoupled elastic stored
energy function II" ( • ) \11' the form

Il" (C) == {" (./) + If" (C) 1;1 C E M ~. where (' = J 2'c. J2 = det [C]. (23)

llerc. as hefon.:. l" ( .) is a convex function characterizing the bulk response of the material
at equilibrium. while If" ddines the response of the material in shear, also at equilibrium.
Nole. however. th~lt Il" ( . ) is a polyconvex function of C EM: and is never convex in
realistic models of elasticity: see e.g. Ciarlet (1988), By application of the chain rule Ollt:

obtains the relation

S' =2VW'(C)=JU'(J)C I+J 2'l>rv[2VJ~"(C)I. (24)

where C == F 1 F is the right Cauchy Green strain tensor at equilibrium and Ilrv ['1 ==
(. ) - \trace [( . )C!C I gives the correct expression for the deviatoric part of a (contra­
variant) tensor in the convected description of elasticity. [n fact. if t' = FS' 1"1 denotes
the Kirchholr stress tensor at equilibrium, relation (24) gives the following expression for
the standard stress deviator in the spatial description:

dev [t' I = F[IlEV [2V If! , (C)]]F 1 where F = J I 'F. (25)

For a proof of rela tions (24) and (25) see Sima ct al. (1985).
By exploiting the preceding framework it is possible to construct viscoelastic consti­

tutive models possl.:ssing dilrerl.:nt viscoelastic response in bulk and shear. As an illustration,
consider thl.: formulation of a viscoelastic model exhibiting uncoupled response in bulk and
shear. i.e. the viscoelastic counterpart of the uncoupled elastic model governed by the stored
ener~v function (23). As bl.:fore. the key idea is to regard the second Piola-KirchhotT stress
S, at~~urrent time t as a superposition of equilibrium and non-equilibrium contributions of

the fOrt11

S, =.J,fC"(J,)+ i if:JC, I+J,-2' DEV,[2VJ~U(CI)+I Q;J. (26)L I" I k ., I

[n the present context. the scts :Q;: j = I. 2..... N} and :q:: j = I. 2..... At} are
interpreted as non-equilihrium stresses associated with the shear and bulk response of the
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material. As in the preceding development. the evolution of these internal variables is
governed by dissipative evolution equations. [n particular. the appropriate counterpart of
(15) becomes

(27)

where the constants f~ and ff'-r.. (k == I. 2•...• N). define the characteristic retardation times
and stored energy factors for the N relaxation processes associated with the volume
preserving response of the material. Similarly. the simplest dissipative model for the internal
variables qi is furnished by the contractive semi-group

~ i+ ~ i _ ai ~ [U 70 '(J »)}dsq, r l q, - ,.,-., ds S in

q:lJ~o = q6
:Jl x (0. tl. (18)

where the constants r i and fJ"..". (j = I. 2•...• M). define the characteristic retardation times
and stored energy 1~lctors for the M relaxation processes associated with the dilatational
response of the material.

The preceding evolution equations admit a closed form solution in terms of a con­
volution integral involving the respective inhomogeneous terms in (27) and (28). Combining
the foregoing results. the final constitutive relation for the Kirchhoff stress tensor at current
time t can be expressed as a convolution integral involving the two normalized relaxation
functions:

N M

!i(t) = 1+ L (P" exp [-t!rk
) and get) = 1+ LIt, exp [_t!.i]. (29)

k _ I j - I

which completely characterize the volume preserving the dilatational viscoelastic properties
of the material.

Remarks.
(i) It can be shown that the preceding viscoelastic models are consistent with the

Clausius-Duhem form of the second law of thermodynamics; see Simo (1987) and
Govindjee (1991) for further details.

(ii) The class of viscoelastic models outlined above admits a number of possible
generalizations. In particular. the simple dissipative evolution equations governing the
response of the non-equilibrium stresses (internal variables) can be replaced by a suitable
contractive semigroup. For instance. the general form of eqn (15) is

(30)

where Ak [ .] is the corresponding generator of a semigroup of contractions; see Dafermos
(1976) for an explanation of this terminology. For the linear theory. the mathematical
structure underlying models of this type has been examined in detail by Coleman and
Mizcl (1966) and Navarro (1978). It is felt. however. that the simple (and fairly classical)
representations employed above often suffice for an adequate characterization of the visco­
elastic response of the material.

(iii) The simplest example which illustrates the theory outlined above is furnished by
an isotropic model with equilibrium stored energy function given in terms of principal

!lAS 29, 14/15-£
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stretches. of the form

S. GmISl>JfE and J. C. SI\lO

(31 )

as already considered in the previous section. The functional structure of these models is
ideally suited for incorporating viscoelastic effects in the damage model for filled rubbers
proposed in Govindjee and Simo (199Ia. b).

4. COMPUTATIONAL ASPECTS

The solution of the momentum balance equations over the time interval J = [0". t] in
a computational setting is accomplished by an incremental procedure associated with a
partition J = v~ ~ I [t". t" + d. where t I. + I == t. Ina tinite clement setting. for a typical time
subinterval [t". t,,+ d. one thst assumes that JI" and Q~ arc given initial data and then solves
for the deformation and the updated damage variable /1,,+ I and internal variables Q~+ I for
prescribed loading and boundary conditions. In the standard strain dricen finite clement
setting. the balance equations are solved in an iterative manner. An estimate of the defor­
mation field for time t". I is given and from it the damage and internal variables arc
calculated at time t". I' With these fields at hand the stresses at time t". I can be calculated
and hence the balance of momentum can be checked. This process is repeated until con­
vergence. What is needed in this loop is a means hy which the damage evolution equations
can be integrated (at each quadrature point or a typical tinite clement in the spatial
discretization) from time t" to t" I I with /1" as given initial data. Likewise for the internal
variables. Qk. the evolution equations need tn be integrated pointwise at the quadrature
points from time t" to t". t with Q~ as given initial data.

4.1. Integration algorithm jiJr damayc I'tlriah!c
Recalling that we arc working within a strain driven setting. the evolution equations

(5)(7) for the damage may be integrated using the following consistent and unconditionally
stable scheme.

O. Given {?~}~ ~ I at a new time t"'1 and jI".

I. Sort {?~L~ _1 in decreasing order as a sub-sequence :;-:\L' t.

2. If ;:~, ~ jI", then no damage

a. JI". 1 = II".
3. Else damage taking place in at least one direction

:'in
a. II". I = J"A "

4. Endif.

Once the new damage variable has been determined. the corresponding long-time stress
tensor is calculated from eqn (13). Note that the above algorithm possesses an exact
linearization; sec Govindjee and Sima (1991 b). The exact linearization is of importance
when using Newton and quasi-Newton methods to solve the balance equations in the
iterative scheme mentioned above.

4.2. Integration algoritlm/ jiJr illtemall.ariahles
For the internal variables the key aspect in the formulation of the discrete time stepping

procedure is the evaluation of the convolution integral in eqn (17). For the infinitesimal
theory. the key idea ofevaluating convolution integrals via a recurrence relation is advanced
in Herrmann and Peterson (1968) and Taylor et al. (1970). and extended to the nonlinear
theory in Sima (1987). In the present context. the convolution integral is defined to be H k

and one is interested in evaluating H' at time t" + I when H~ = Q~ - exp [ - t,,/!k]fJ~, [2V W-..o (Co)]
and qJ,... I are known. For the kernel in eqn (17), the following recurrence relation holds:
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(32)

where !:J.I == In+ I - I•• Hence. H~+ 1 is determined in terms of the assumed known value H:
and an integral over the time step [t•. to+ d. The integral can be estimated using the second
order accurate midpoint rule to give the relation

where the derivative at the midpoint has been linearly appro'limated. Note that this algo­
rithm provides for unconditionally stable time stepping and the correct limits for large and
vanishingly small times. Additionally. the algorithm may be e'lactly linearized for use in
Newton and quasi-Newton global solution procedures.

5. NUMERI('AL EXAMf'LES

In this section. two examples arc presented to demonstrate the qualitative performance
of the viscoehlstic damage model. In the first ex"lmplc. we wish to qualitatively reproduce
the results for the storage modulus versus double strain amplitude in a forced vibration test.
In the second example, we wish to demonstrate that the model and associated algorithms
are suitable for large scale computations by running a moderately large finite element
simulation.

5.1. Forced vihratio/l test
In this test. the material (typically a cylindrical sample) is precompressed to a stretch

of0.9. Then. about this offset stretch. an oscillatory stretch is applied at some fixed frequency
and amplitude. The double strain amplitude (DSA) in such tests refers to twice the amplitude
of the deformation divided by the original sample length; the DSA is typically reported as
a percentage. The storage modulus (Young's) is calculated as the real part of the complex
modulus. These calculations arc alw<lYs made after the limit cycle h<ls been reached. See
Medalia (1978) or Brown (1979) for a discussion of such tests and various features of the
dynamic properties of carbon black filled elastomers.

Due to the nonlinear nuture of the muterial model. un analytic expression for the
storage modulus in the conventional sense docs not exist. So, to demonstrate the behavior
of the model, a single stress point wus driven ubout a precompression of 0.9 at a frequency
of 2 Hz with incompressibility assumed. The trace of the engineering stress versus stretch
was recorded and the calculation of the storage modulus was then performed in the same
manner in which it is typically done in an experimental setting. The procedure is as follows.
First, the loss angle is estimated as the arcsin~ of the ratio of the out-of-phase stress to the
in-phase stress. Second. the magnitude of the complex modulus is obtained as the ratio of
the in-phase peak-to-peak engineering stress amplitude to the DSA. Lastly, the storage
modulus is given as the magnitude of the complex modulus multiplied by the cosine of the
loss angle. The time infinity material properties in the simulation correspond to a poly­
(styrene-co-butadiene) elastomer (SBR) with 50 phr 530 I carbon black. The damage par­
ameters are k = {5.6, 1.5. 6.9} and J = {0.56. 0.21. 0,43} and the Ogden parameters are
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:l =(2.35.7.03.1.28; and m = [1.11. 5.8 x 10 "'.0.73: kg em :: (sec Govindjee and Simo.
199Ib). Assume that the material has a relaxation spet.:trum dctined by three relaxation
times r = [0.5.0.25.0.125: s where the constitutive parameters for these relaxation mech­
anisms are given as fJ, = :0.3, 0.1. 0.1:. These viscodastit.: parameters are not meant to
represent an actual material. but are merely given for illustrative purposes.

If the procedure spelled out above is followed. then we t.:an obtain a plot of the storage
modulus versus the DSA as shown in Fig. 3. The t.:akulation was made using the algorithms
in Section 4. Several remarks about Fig. 3 can be made:

(i) The basic characteristic feature of the storage modulus versus DSA plot has been
replicated: namely. the drop in storage modulus with int.:reasing DSA for a fixed value of
the frequency of the loading.

(ii) In a real experiment. in the middle of the storage modulus drop there is an inflection
point which is not present in Fig. 3. This inflection is due to temperature activated healing
mechanisms in the system. As the amplitude is int.:reased. the net heating of the sample
increases and as a result the healing processes in the material arc activated. As the material
heals. it stiffens and hence the storage modulus is increased. This causes the intlection in
the curve. Without the inclusion of healing effects in the model only qualitative results can
be obtained from this theory. Healing is the suhject of further research.

(iii) The upturn in the curve ncar IO~;, DSA is due to the non-linear elasticity of the
elastomer itself.

(iv) If the problem is run without damage. then the drop in the storage modulus docs
not occur. The storage modulus is constant until a DSA of lIn;, and then increases rapidly
due to the non-linearity of the elastomer. Hent.:e, the damage is necessary for the effect to
he seen.

5.2. Finit(' clement ('.\"(///11,/1'
In this example, we consider the finite element simulation of the extension and stress

relaxation ofa t.:ube of material. The details of implementing damage models and viscoelastic
models of the type proposed here in finite element t.:OlIeS have been given elsewhere and will
not be repeated. Interested re,lders arc directed to the works of Govindjee and Sima (1991 bl.
Sima (1987) and Simo and Taylor (1991).

The problem we wish to t.:onsider is the uniaxial extension of a cube of material (8 ml)
that is clamped on the top and bottom faces. The material is pulled in extension to a length
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Fig. 3. Young's storage modulus versus % DSA f()r SBR with 50 phr 5301 at 2.0 fk
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of 2 ml in a time of 1 s in time steps of 0.1 s. The system is then held at the fixed extension
and stress relaxation is allowed to occur. The material properties are the same as in the
preceding example and once again. incompressibility is assumed. The incompressibility
constraint is enforced via an Augmented Lagrangian scheme; see Simo and Taylor (1991).

Due to symmetry conditions only one-eighth of the geometry need be modeled. This
sector on the cube was modeled with 1000 eight-node bricks with constant pressures. thus
yielding a global finite element problem with 3289 degrees of freedom. This moderately
large discretization of the geometry was chosen to demonstrate that such models can be
used for doing large simulations with complicated three-dimensional stress states. Note that
this problem develops complicated stress states due to the clamped end conditions and the
damage. Figure 4 shows the iso-damage contours at full extension and Fig. 5 shows the 33
component (the loading is in the 3-direction) of the Cauchy stress at full extension before
the material has started to relax. Figure 6 shows the total load on the sample as a function
of time and shows the stress relaxation. Two remarks are in order:

(i) The ability of the material models to perform well in such situations is crucially
linked to the fact that the integration algorithms for the viscoelastic and damage evolution
can be exactly linearized. The exact linearization leads to asymptotically quadratic rates of
global convergence when using Newton's method to solve the global finite element problem.
Because of the asymptotically quadratic convergence. in a typical time step only 5 iterations
were required to drive the residual norm down 9 orders of magnitude.

(ii) In the simulation. the natural logarithm of the Jacobian of the deformation is
enforced to be O( 10 ~). This large degree of incompressibility increases the numerical
dilliculty of the cakulation and again points to the suitability of using such models in large
numerical simulations.

fl. CI.OSURE

The main thrust of this work has heen the formulation of a sound continuum visco­
elastic damage model for tilled polymers at tinite strains. which is directly motivated from
the micrornechanics of this class of materials. The model gives good quantitative predictions

DAMAGE

< 1.426E+OO

> 2.583E+OO

Fig. 4. Iso-damage conlours al a lime of I s.
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STRESS 33

< 2.518E+01 kglcm"'2

> 5.041 E+01 kglcm"'2

Fig. 5. Sln:ss contours f('r lhc .1.1coll1poncnts of the Cauchy stress at a time of I s.
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Fig. 6. Total load lHlcubc versus time.

of the softening phenomenon exhibited by filled rubbers under deformation, known as
Mullins' effect. Furthermore, the viscoektstic extension proposed in this paper is capable
of predicting the reduction in storage modulus observed in cyclic tests with increasing
double strain amplitude, as demonstrated by the results presented in Section 5.

In sharp contrast with a number of existing micromechanical and phenomenological
models for filled polymers. the proposed approach is amenable to numerical analysis and
suitable for large-scale simulations. as illustrated by the example presented in Section 5.
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